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The detection and study of extrasolar planets is an exciting and thriving field in modern as-
trophysics, and an increasingly popular topic in introductory astronomy courses. One detection
method relies on searching for stars whose light has been gravitationally microlensed by an extraso-
lar planet. In order to facilitate instructors’ abilities to bring this interesting mix of general relativity
and extrasolar planet detection into the introductory astronomy classroom, we have developed a
new Lecture-Tutorial, “Detecting Exoplanets with Gravitational Microlensing.” In this paper, we
describe how this new Lecture-Tutorial ’s representations of astrophysical phenomena, which we se-
lected and created based on theoretically motivated considerations of their pedagogical affordances,
are used to help introductory astronomy students develop more expert-like reasoning abilities.
I. INTRODUCTION
An incredible amount of our advances in understand-
ing the universe over the past 100 years can be traced
back to Einstein’s groundbreaking 1915 paper on general
relativity. General relativity is used to understand the
precession of Mercury’s perihelion, the orbital decay of
binary pulsars, and the expansion and evolution of the
universe from the time of the Big Bang, among many
other phenomena. One of the most important uses of
general relativity in observational astronomy is its abil-
ity to accurately describe how a massive object can act
as a gravitational lens, bending and magnifying the light
from a source located elsewhere in the universe. While
gravitational lensing is studied on the largest scales (e.g.,
galaxy clusters act as gravitational lenses for galaxies at
higher redshifts), it also has observable effects at smaller
scales, where gravitational lensing effects are used to de-
tect the existence of extrasolar planets.1
This planet detection method relies on the fact that
the light from a distant star may be lensed by objects in
a closer stellar system. Depending on the relative align-
ment of Earth, the distant star, and the closer stellar
system, the light from the distant star may be lensed
by a planet, star, or both in the stellar system. In all
cases, the angular separation between the multiple im-
ages that are typically formed by these lensing events
are too small (on the order of 1 milliarcsecond) to be re-
solved by telescopes on Earth. Hence, we call this lensing
effect gravitational microlensing, in order to distinguish
it from macrolensing events, in which the multiple images
can be resolved.1 Despite the fact that the gravitationally
lensed images cannot be resolved, we can still determine
that a microlensing event is taking place by observing the
lensed star over an extended time period. The motion of
the lensing stellar system with respect to the distant star
gradually changes the alignment between the Earth, stel-
lar system, and distant star, which affects the amount of
lensing that occurs. Over tens of days, the light we detect
from the distant star may appear to increase and then
decrease in brightness as the star in the stellar system
moves into and out of alignment with our line-of-sight to
the distant star. An extrasolar planet in the stellar sys-
tem may cause a similar brightening and then dimming
of the distant star, but on a time scale that may be as
short as a few hours.1,2 Using gravitational microlensing
to detect extrasolar planets thus requires observations of
a large patch of sky over an extended period of time.
Liebes (1964)3 was the first to realize that gravita-
tional lensing could be used to detect extrasolar planets,
although the search for extrasolar planets using gravi-
tational microlensing began with the work of Mao and
Paczynski (1991).4 The first confirmed detection of an
extrasolar planet by gravitational microlensing was by
Bond et al. (2004).5 To date, thirty-seven planets have
been discovered using this technique.6 While this rep-
resents approximately only 2% of all known extrasolar
planets, gravitational microlensing provides the ability to
detect Earth-mass planets around 1 AU from their parent
stars.1 This mass and distance combination is interesting
since such extrasolar planets could hypothetically harbor
life as we know it.
The detection and study of extrasolar planets lies at
the cutting-edge of modern astrophysics7, and it is also
a topic that excites the imagination of general educa-
tion students and the public at large. Consequently,
we developed new active engagement curricular mate-
rials for teaching this topic in college-level general ed-
ucation introductory astronomy courses (hereafter As-
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2tro 101). These materials, informed by decades of work
into how people learn, especially in STEM disciplines8–12,
include new Lecture-Tutorials, Think-Pair-Share activi-
ties, homework assignments, lecture slides, and assess-
ment questions focused on the detection of extrasolar
planets. We created these active learning instructional
activities and assessments to provide Astro 101 instruc-
tors with an easy-to-implement, evidence-based curricu-
lum that meaningfully engages students in intellectually
and scientifically robust collaborative discussions about
extrasolar planets. This article focuses on one of these
new Lecture-Tutorials, which addresses the detection of
extrasolar planets via gravitational microlensing.
While the design and development process for this new
Lecture-Tutorial mirrored the process we used in the de-
velopment of previous Lecture-Tutorials13–15, the topic of
gravitational lensing posed an interesting challenge. This
topic is traditionally taught using representations (writ-
ten, mathematical, graphical, etc.) that require a level
of understanding of physics and mathematics appropriate
for advanced undergraduates or graduate students. How
could we design an activity that engages Astro 101 stu-
dents, who do not possess the mathematical preparation
necessary to interact with these representations, to do
more than simply recall declarative knowledge? While
over 35% of Astro 101 students in a national survey16
listed their major as being in science, engineering, or ar-
chitecture, many of these students are at the beginning
of their undergraduate careers and are years away from
being able to take a course in general relativity. The
other 65% of Astro 101 students are majors in the arts,
humanities, social sciences, education, and professional
fields (e.g., business, nursing, etc.)16; instruction that is
at too high or too low of a cognitive level may adversely
affect their overall attitudes toward science, which has
important ramifications given that they represent the
nation’s future journalists, historians, business leaders,
teachers, politicians, parents, taxpayers, and voters. In
order to create an activity that inspires and engages As-
tro 101 students at an appropriate cognitive level, we had
to judiciously develop a constellation of representations
appropriate for the population of interest. Each repre-
sentation we created has its own pedagogical value and
set of constraints. When working in concert together,
these representations can be very effective at elevating
students’ conceptual understandings and reasoning abil-
ities related to the detection of extrasolar planets via
gravitational microlensing. Our ultimate goal for the
new Lecture-Tutorial is to enable Astro 101 students to
engage in more expert-like reasoning about a general rel-
ativistic phenomenon and develop a greater discipline flu-
ency.
In this article, we describe how we selected and de-
signed the representations we used in the Lecture-Tutorial
“Detecting Exoplanets with Gravitational Microlensing.”
We first delve into the mathematics underlying gravita-
tional microlensing and illustrate why we needed to em-
phasize certain aspects of our representations and deem-
phasize others in order to make it possible for students to
develop physically correct understandings. We then use
the theoretical framework of Linder (2013)17 and Fred-
lund et al. (2014)18 to analyze the affordances of the
different representations and to explain how they work
together to aid in the development of students’ discipline
fluency. In this paper, the “affordances” of a represen-
tation are defined as the elements of disciplinary content
that students are able to access and reason about using
the representation. This article provides a unique exam-
ple of how to present advanced topics, such as general
relativity, to a novice audience. Additionally, this article
details the difficult considerations that STEM curricu-
lum developers must work through as they try to select
and design appropriate new pedagogical representations
that engage students at deep and meaningful levels.
II. DEPENDENCE OF BRIGHTNESS ON THE
MASS OF THE LENSING OBJECT
Before discussing the details of gravitational microlens-
ing, we wish to introduce a key concept in observational
astronomy: the light curve. A light curve is a graph
of the observed brightness of an astronomical body as a
function of (in this case) time. Light curves have many
applications; for example, the decay rate of a supernova’s
light curve is an important factor in identifying the type
of supernova. As another example, periodic “dips” in the
light curve of a star can reveal the presence of planets
transiting the star as they orbit, as studied by the re-
cent Kepler mission. Because of their broad applicability
as well as their relative approachability for a novice, we
suggest that the light curve is an excellent representation
for teaching about a variety of astrophysical phenomena.
When a single object, such as star, acts as a gravita-
tional microlens for a distant star, we observe a time-
symmetric light curve that shows how the image of the
distant star brightens and then dims over the course of
the microlensing event. Microlensing causes the solid an-
gle subtended by the star to change. This change in
solid angle affects the number of photons we receive from
the star, leading to the observed change in its apparent
brightness. When the lensing system includes both a star
and a planet, the planet may also microlens the distant
star, creating a perturbation to the light curve; see Han
(2007) for a classification of the different types of plane-
tary light curve perturbations.2
Every representation has its limitations, and those lim-
itations may be explicit or implicit. Instructors and cur-
riculum designers must be aware of these limitations or
else they run the risk of encouraging students to draw
physically inappropriate conclusions from a given repre-
sentation. For example, one might be tempted to reason
as follows: More massive planets will cause greater dis-
tortions in the geometry of spacetime, so one should be
able to detect more photons coming to Earth and for a
longer period of time than for cases with less massive
3planets. This reasoning would then lead one to conclude
that both the width and the height of the planetary per-
turbations in the light curves (such as those in Figures
6-9) are both correlated with the planet’s mass. Yet in
the Lecture-Tutorial on this topic, we use only the width
of perturbations in the light curve to reason about the
masses of the objects causing them. To motivate this
and other such pedagogical decisions, we must employ
the mathematics of general relativity to describe how a
single object lenses the light emitted by a more distant
source.
The purpose of the following mathematical treatment
is to unpack for the reader the disciplinary content knowl-
edge relevant to a full understanding of the physics un-
derlying the phenomenon of microlensing. We have cho-
sen to use the symbolic mathematical representations be-
low because the readership of the American Journal of
Physics possesses sufficient mathematical sophistication
to access their meaning. This enables us to bring to light
for the reader the origins of the quantitative relationships
we are interested in teaching students to reason about
in an expert-like manner. We wish to emphasize that
while the results derived here motivate the pedagogical
choices we make as curriculum designers, we do not use
the mathematical representation directly in our curricu-
lum as Astro 101 students do not have the prerequisite
knowledge for unpacking this representation.
We used Hartle’s text, Gravity: An Introduction to
Einstein’s General Relativity, to inform our mathematical
understanding of gravitational lensing.19 For the present
discussion, we wish to derive the answer to the question:
How do lens mass and lens alignment affect the light
curve of the distant light source? The basic outline of
this derivation is that we use the bending angle of light
rays to determine the change in solid angle subtended
by the image of a distant source when its light is lensed.
This change in the apparent area of the object will lead to
a corresponding change in the apparent brightness. The
physical mechanism at work is that the gravitational field
of an object between Earth and the distant source will
curve the trajectories of photons, which then arrive at
Earth from various angles. This set of angles results in
an image that is distorted from its original size and shape.
Note that we use gravitational units (G = c = 1), which
are commonly used in general relativistic calculations.
This choice results in mass and length having the same
units, allowing direct comparison between quantities of
mass and distance.
Since we are interested in the detection of extrasolar
planets by microlensing, we assume a pointlike lensing
object of mass M . The deflection angle α for a light ray,
which is the difference in angle between its initial and
final trajectories, passing by the mass with an impact
parameter b >> M is
α = 2Rs/b
where Rs is the Schwarzschild radius of the lensing ob-
ject.
Most of the bending of the light ray takes place over a
distance of order Rs. Because interstellar distances are
vastly larger than this length scale, it is an excellent ap-
proximation to treat the trajectory of the light ray as
being straight everywhere except at a single point, where
the line will bend through the full angle α. This approx-
imation is called the thin lens approximation. We can
now solve the problem using only Euclidean trigonome-
try, following the diagram shown in Figure 1.
In Figure 1, the angles are all extremely small, so
sinx ≈ tanx ≈ x for the angles α, θS , θI . These ap-
proximations give the horizontal distances labeled at the
top of Figure 1, from which we write
θIDS = θSDS + αDLS .
Next, we substitute α = 2Rs/b and b ≈ θIDL, then
rearrange to find:
θ2I − θSθI =
2RsDLS
DSDL
.
We now have an expression for the positions θI at which
the images of the source appear in the sky. Both sides
of this equation have units of radians squared, making it
reasonable to define an angle θE :
θE ≡
(
2RS
DLS
DSDL
)1/2
.
With this definition, we can solve for the two values of
θI more easily and find that
θ± =
1
2
(
θS ±
(
θ2S + 4θ
2
E
)1/2)
.
The physical meaning of θE can be found by considering
the case of perfect alignment between source, lens, and
observer. Substituting θS = 0 into our solution yields
θ = θE . Thus, the angle θE is the angular radius of the
ring of images formed in the case of perfect alignment
(an Einstein ring).
Note that the radius of the Einstein ring is directly
proportional to the square root of the mass of the lens:
θE ∝
√
M . This will be important in answering the
original question of how the shape of the microlensing
light curve depends on the lens mass.
The observed brightness of the image of the light source
depends only on its intrinsic brightness and the solid an-
gle it subtends. Therefore, the ratio of the brightness of
the lensed image to the brightness of the unlensed im-
age is just the ratio of the solid angles subtended by the
images. The intrinsic brightness of the object is not af-
fected by the gravitational lensing, so it cancels out in
this ratio. This cancellation will be another important
factor in our analysis of the light curve. As such,
I±
I∗
=
∆Ω±
∆Ω∗
4where I± and I∗ are the lensed and unlensed brightnesses,
and ∆Ω± and ∆Ω∗ are the solid angles subtended by the
lensed and unlensed images, respectively.
Using the previous result for θ±we can calculate how
the solid angle subtended by an image will change when
it is lensed. Figure 2 shows the original image of an
object, and then the two lensed images, as seen from
the observer’s point of view. Since the angles θS and
θI are very small, we will again use the approximation
sinx ≈ x for these angles. The formulas for solid angle
then become
∆Ω∗ = θS∆θS∆φ
∆Ω± = θ±∆θ±∆φ.
We can substitute these expressions into the brightness
ratio:
I±
I∗
=
θ±∆θ±∆φ
θS∆θS∆φ
.
Notice that ∆φ will cancel out – the azimuthal angle
subtended by the original image does not affect the ratio
of the lensed and unlensed brightnesses. In the limit of
small lensing effects, this simplifies further:
I±
I∗
=
(
θ±
θS
)(
dθ±
dθS
)
.
The second term can be found by differentiating our solu-
tion for the angles θ± at which the lensed images appear
with respect to the source angle:
dθ±
dθS
=
1
2
(
1± θS
(θ2S + 4θ
2
E)
1/2
)
.
The first term can also be expressed in terms of only θS
and θE by substituting the expression for θ±. Combining
these equations and simplifying yields:
I±
I∗
=
1
4
(
θS
(θ2S + 4θ
2
E)
1/2
+
(
θ2S + 4θ
2
E
)1/2
θS
± 2
)
.
This shows that the outer image is brighter than the orig-
inal, and the inner image is dimmer than the original.
In the case of microlensing, we cannot distinguish the
lensed images from each other. Instead, we simply detect
the sum of the light from the images. The ratio of the
total microlensed brightness to the original brightness is
therefore
Itot
I∗
=
I+ + I−
I∗
=
1
2
(
θS
(θ2S + 4θ
2
E)
1/2
+
(
θ2S + 4θ
2
E
)1/2
θS
)
.
Rewriting the two terms with a common denominator
allows us to combine them into a single expression:
Itot
I∗
=
θ2S + 2θ
2
E
θS (θ2S + 4θ
2
E)
1/2
.
One can instead write the equation in terms of a dimen-
sionless parameter u ≡ θS/θE :
Itot
I∗
=
u2 + 2
u
√
u2 + 4
.
Now we address the original question: How do lens
mass and lens alignment affect the light curve of the dis-
tant light source? We need to consider both the width
and the height of the peak. This can be done by making
θS (or equivalently, u) a function of time in the above
equations. This function starts at a maximum, decreases
to some minimum value, and then increases back to a
maximum. Recall that the angular radius of the Ein-
stein ring is proportional to the square root of the lens’s
mass: θE ∝
√
M .
The width (or duration) of the peak increases as the
mass of the lensing object increases. To first order, the
duration of the lensing event is the time for which the
distant source is within an angular distance θE of the
lens, as seen from Earth. A more massive lens has a
larger value for θE , and so it will take a longer amount
of time for the relative motion of the source and lens to
traverse this distance, for a given velocity. We therefore
say that a more massive lens causes a wider peak.
The height of the peak – that is, the ratio of the
maximum brightness to the unlensed brightness – also
increases as the mass of the lensing object increases.
This occurs when the lens and source are most closely
aligned when seen from Earth. In terms of the variables
in our equations, this is when θS(t) = θSmin (or when
u(t) = umin). Examining this in terms of either formu-
lation should give the same result. At this time,
Imax
I∗
=
θ2Smin + 2θ
2
E
θSmin (θ2Smin + 4θ
2
E)
1/2
.
Given this value for θSmin, increasing the mass of the lens
will increase θE . The Einstein angle is a quadratic term
in the numerator, and we know that θE ∝
√
M , so the
numerator is a linear function of the lens mass. In con-
trast, the denominator grows less-than-linearly with the
lens mass, since the term inside the square root function
is quadratic in θE , and therefore linear in M . As such,
the value of the overall fraction should increase as M in-
creases if the other variables are held constant. That is
to say, all else being equal, more massive lenses should
produce greater brightening effects.
The same conclusion can be reached in the dimension-
less formulation. For a detectable microlensing event,
the distant source will be inside the Einstein ring of the
lens at the time of minimum separation, so umin ≤ 1.
Consider the dimensionless equation for the maximum
brightness:
Imax
I∗
=
u2min + 2
umin
√
u2min + 4
.
As umin decreases from 1 to 0, this fraction grows mono-
tonically toward infinity, demonstrating that more closely
5aligning the source and lens always increases the change
in brightness. Since u = θS/θE , and θE grows as the
square root of the lens mass, increasing the mass of the
lens has the effect of decreasing u for a given value of θS .
Qualitatively, one can imagine that adding mass to the
lens would expand its Einstein ring, and that a source at
a fixed location would therefore become relatively closer
to being aligned with the center of the lens.
In either formulation of the brightness equation, we
find that a greater lens mass causes a greater brightening
than a smaller lens mass, assuming that the separation
angle as a fraction of the Einstein angle (θS/θE , aka u) is
the same for both masses. Consequently, it is tempting
to represent extrasolar planets of different masses with
light curve perturbations that differ in both width and
height. However, if we are comparing the planetary per-
turbations on two different light curves, we cannot au-
tomatically assume that both perturbations correspond
to the same value of u. If we want students to use the
height of the planetary perturbations to reason about
the relative masses of extrasolar planets, then we have
to include the caveat that the perturbations always cor-
respond to the same ratio between the separation angle
and the Einstein angle. There is an incredible pedagogi-
cal risk associated with trying to bring this level of disci-
pline knowledge to the population of students with which
we are working. Not only would this caveat intellectually
over burden many Astro 101 students with more novel
variables than they have the capacity to simultaneously
reason about, it is also not representative of commonly
occurring scenarios investigated by active researchers in
extrasolar planet detection. So rather than unnecessarily
limit the physical situations we offer learners to only a
limited set of geometric configurations which do not fully
represent what is found in the universe, we purposefully
chose to use only the width of a planetary perturbation,
and not its height, to convey information about the ex-
trasolar planet’s mass in the Lecture-Tutorial.
Note that while some Lecture-Tutorials do require stu-
dents to physically interpret mathematical equations,
the “Detecting Exoplanets with Gravitational Microlens-
ing” Lecture-Tutorial does not. While the mathematical
representation employed here has rich affordances for a
mathematically expert population, Astro 101 students do
not have the expertise needed to engage with this repre-
sentation meaningfully. Confronting these students with
this representation would therefore not only be ineffec-
tive for promoting learning, but rather could lead to a
belief that the topic is impenetrable to them and that
there is no point in attempting to learn about it. The
purpose of the above derivation was to afford instruc-
tors a richer understanding of the effects of the physical
variables on the microlensing processes, so that they can
have a better understanding of how the relative positions
and masses of lensing bodies affect observable astronom-
ical outcomes. We hope this understanding will enable
readers to more effectively engage their learners in appro-
priate modes of cognition about discipline-specific ideas
related to the detection of extrasolar planets via gravita-
tional microlensing.
Having said this, we pose to the reader the same chal-
lenge we encountered when designing curriculum on the
topic. Having followed a mathematical route to deeply
understanding gravitational microlensing, and knowing
that Astro 101 students cannot follow the same path-
way, how might one effectively teach students to engage
in deep, expert-like reasoning about the relationships be-
tween astrophysical variables and observable effects in
microlensing scenarios? In the next section, we describe
in detail the theoretical pedagogical framework we ap-
plied in addressing this challenge.
III. AFFORDANCES OF DIFFERENT
MICROLENSING REPRESENTATIONS
Linder (2013)17 uses the term “disciplinary affordance”
to refer to the potential of a representation for providing
access to disciplinary knowledge. Different representa-
tions (e.g., written words, equations, diagrams, graphs,
etc.) have different disciplinary affordances, and no sin-
gle representation by itself captures all aspects of the
physical situation it is modeling. However, multiple rep-
resentations may work together to create a “collective
disciplinary affordance,” providing a more holistic model
of the physical situation and more potential access points
for the development of disciplinary knowledge and flu-
ency. From this perspective, learning involves recog-
nizing the disciplinary affordances of multiple comple-
mentary representations and coordinating the informa-
tion provided by those representations to reason about
novel physical situations. Instructors must strive to cre-
ate learning environments which enable students to bet-
ter understand the affordances of multiple discipline rep-
resentations.
Astrophysicists who use gravitational microlensing to
detect extrasolar planets use a wide variety of repre-
sentations in their own work. For the purposes of this
section, we will discuss three representations. Two are
now familiar to the reader: light curves, which constitute
the fundamental observational evidence for microlensing
events, and mathematical equations that astrophysicists
use to relate information from these light curves to the
physical parameters of the extrasolar planetary system.
The third is a reduced-dimensional pictorial representa-
tion of the curved spacetime that determines the paths of
lensed light. In this representation, the task of depicting
the curvature of four-dimensional spacetime is replaced
by depicting a two-dimensional “sheet” that is deformed
and then projected onto the page. Since reasoning about
and depicting higher-dimensional structures is very diffi-
cult cognitively and artistically, this reduced-dimensional
representation (hereafter RdR) is an efficacious proxy
that allows for appropriate qualitative reasoning about
the curvature of spacetime.
These representations are powerful, but Fredlund et al.
6(2014)18 raise an important caveat: They have evolved
through a process of “rationalization,” meaning they
have become densely packed with knowledge that was
developed over an extended period of time and through
a series of preceding arguments. The graphical, pictorial
and mathematical representations used to describe grav-
itational microlensing constitute dense packages of infor-
mation, including trigonometry, impact parameters, the
physics of lenses, flux, and a conceptual model of gravi-
tation as the curvature of spacetime, to name just a few.
This dense packaging of information presents a signifi-
cant challenge to Astro 101 students who are attempting
to interpret these representations. Furthermore, students
studying the detection of extrasolar planets via gravita-
tional microlensing must reckon with the idea that we are
detecting light that comes neither from the planet itself
nor from the star it orbits, but rather from another, even
more distant star. All of these factors combined make
the detection of extrasolar planets by gravitational mi-
crolensing an incredibly intellectually challenging topic
for Astro 101 students to reason about.
The solution, according to Fredlund et al., is to help
students “unpack” these representations so that students
may “come to ‘see’ the parts of intended meaning that
are not directly discernible in the representation.” Note
that unpacking a representation often involves utilizing
or even creating simpler representations. Fredlund et
al. attribute the effectiveness of many PER-validated
instructional techniques to the fact that they unpack
and disambiguate the disciplinary affordances of many
physics representations.18
In practice, it is often necessary to set a foundation
for students to unpack a complex representation by first
teaching them simpler representations that afford them
access to the content embedded in the more complex rep-
resentation. For example, the “Motion in Two Dimen-
sions” tutorial from the University of Washington’s Tu-
torials in Introductory Physics20 ultimately guides stu-
dents to unpack the mathematical representation of the
centripetal acceleration vector. However, the tutorial can
only accomplish this by first getting students to rep-
resent kinematic quantities by drawing and combining
vector arrows. This representation is both approachable
to novices yet still rich enough to be used in discourse
between experts. In this example, vector arrows are a
type of representation whose affordances are apparent to
a large enough population of students that they can be
productively used by novices to unpack more complex
representations. But it is not always the case that the
set of existing representations typically used by experts
within a discipline contains the complete set of repre-
sentations needed to unpack a sophisticated discipline-
specific representation for a novice. Instructors and cur-
riculum developers may find they have to incorporate
novel representations to help students unpack more ad-
vanced representations in the process of developing more
expert-like discipline fluency.
In our work to make advanced astrophysics topics more
accessible to the Astro 101 population, we have found it
necessary to create many representations that would not
typically be found in a textbook or used by two experts
in the discipline who are engaged in discourse with one
another on the topic. Rather, these novel representations
are especially tailored for teaching and learning about a
discipline-specific topic, and so we call them “pedagogical
discipline representations” (PDRs). In some cases PDRs
are significantly simplified versions of representations ex-
perts might use in a colloquium talk when discussing a
topic; in others they can be highly contextualized repre-
sentations with unique features that purposefully unpack
specific discipline concepts, engage novice learners’ pre-
existing mental models, and promote critical discourse.
In the “Detecting Exoplanets with Gravitational Mi-
crolensing” Lecture-Tutorial, we use a mix of PDRs and
representations that would be familiar to microlensing
experts. We carefully chose each representation so that
its affordances would be accessible to students and so
that it would help them improve their abilities to reason
about microlensing and extrasolar planet detection.
A typical implementation of this Lecture-Tutorial, fol-
lowing the procedure detailed in Prather et al. (2004)13,
is as follows: First, the instructor teaches a short lesson
(∼ 15 minutes) on the topic, after which students work
in small peer groups on the Lecture-Tutorial. In complet-
ing the Lecture-Tutorial, students collaboratively discuss
and reach consensus on a series of carefully sequenced
and scaffolded conceptual questions. Students are able to
seek help from the instructor and/or teaching assistants,
who engage the student learning groups in Socratic dia-
logue. Afterward, the instructor debriefs the activity by
eliciting students’ questions and engaging in a class-wide
discussion of their answers. Following the debrief, the in-
structor can check students’ understanding by adminis-
tering a series of formative assessment questions designed
for the specific Lecture-Tutorial.
Figure 3 shows the first representation students en-
counter in the Lecture-Tutorial. The arrows represent the
paths of some photons emanating from a distant star. As
Figure 3 shows, those paths may be altered by something
in a hidden region of spacetime between the distant star
and Earth. This PDR affords students the idea that dif-
ferent regions of spacetime can alter the path light takes
by different amounts. From this representation, students
can start to reason about how a distant star may appear
brighter to an observer on Earth when more photons are
re-directed (or lensed) toward Earth. This establishes an
important conceptual foundation students need in order
to understand why the brightness of a distant star may
change due to gravitational microlensing. Additionally,
it helps students begin to understand that the light we
detect comes from the distant star, and not from the
objects in the stellar system responsible for lensing that
distant star’s light.
We deliberately hid the objects in this region of space-
time with a black box in the Figure 3 PDR. We could
have included the representations of the lensing objects’
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FIG. 3. The first representation in the Lecture-Tutorial shows students how a region of 704	
spacetime (hidden by the black boxes) may deflect light by different amounts. 705	
 706	
 707	
FIG. 4. This reduced-dimensional representation (RdR) from the Lecture-Tutorial shows 708	
the amount of curvature of the region of spacetime between the distant star and Earth. 709	
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The figures below show three different cases (1-3) in which light travels from Star S to Earth.  The 
arrows represent light from Star S.  The black box is covering up a region of spacetime through 
which light from Star S passes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1) Rank th  amount of light received by Earth from Star S, from greatest to least, for Cases 1-3.  
 
 
 
 
In Cases 4-6 below, the black box has been removed and the region of spacetime that was 
covered is now shown.   
 
 
 
 
 
 
 
 
 
 
2) Match each of the Cases 4-6 with its corresponding situatio  in Cases 1-3.  Explain your 
reasoning. 
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1) Rank the amount of light received by Earth from Star S, from greatest to least, for Cases 1-3.  
 
 
 
 
In Cases 4-6 below, the black box has been removed and the region of spacetime that was 
covered is now shown.   
 
 
 
 
 
 
 
 
 
 
2) Match each of the Cases 4-6 with its corresponding situation in Cases 1-3.  Explain your 
reasoning. 
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FIG. 1. The first representation in the Lecture-Tuto ial shows
students ho a regi n of spacetime (hidden by the black
boxes) may deflect light by different amounts.
masses and the corresponding curvature of spacetime in
these regions, which would have enabled the PDR in
Figure 3 to convey more information about the connec-
tion between mass, spacetime curvature, and the lens-
ing of the light rays. However, decades of research show
that students are most likely to develop deep and long-
lasting knowledge when they are actively engaged in
the construction of that knowledge.8–13 Restricting the
amount of information dis layed in Figure 3 pr ects
students from needing to simultaneously engage in two
novel tasks, namely reasoning about the bending of light
rays and processing the RdR. This restriction therefore
reduces the cognitive load experienced by students, en-
abling them to more effectively engage in constructing
their own understanding about the relationship between
the degree of bending of light rays and the amount of
spacetime curvature (and, hence, the mass present) in
a region of spacetime. After developing this understand-
ing, students can then apply their full cognitive resources
to engaging with the Lecture-Tutorial ’s use of the RdR,
as shown in Figure 4. This figure presents three differ-
ent RdRs of the curvature of spacetime for the region
between the distant star and Earth, but not the paths
taken by light emitted by the distant star. Students are
asked to match the cases shown in Figure 4 with those
shown in Figure 3 and to rank the different representa-
tions of curved spacetime based on the amount of mass
they must contain.
Used together in this way, the representations pro-
vided in Figures 3 and 4 help students construct a men-
tal model of the gravitational microlensing process for
the case in which the lensing system comprises a single
mass and when there is no relative motion between that
mass, the distant star, and Earth. In reality, gravita-
tional microlensing events are transient phenomena and
the lensing system may contain multiple masses. Conse-
quently, we use the representation in Figure 5 to intro-
duce and illustrate the dynamic (as opposed to static)
nature of a microlensing event in which both an extraso-
lar planet and its parent star lens the light of a distant
star. This representation provides students the oppor-
tunity to begin to reason about which object (the star
 703	
FIG. 3. The first representation in the Lecture-Tutorial shows students how a region of 704	
spacetime (hidden by the black boxes) may deflect light by different amounts. 705	
 706	
 707	
FIG. 4. This reduced-dimensional representation (RdR) from the Lecture-Tutorial shows 708	
the amount of curvature of the region of spacetime between the distant star and Earth. 709	
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The figures below show three different cases (1-3) in which light travels from Star S to Earth.  The 
arrows represent light from Star S.  The black box is covering up a region of spacetime through 
which light from Star S passes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1) Rank th  amount of light received by Earth from Star S, from greatest to least, for Cases 1-3.  
 
 
 
 
In Cases 4-6 below, the black box has been removed and the region of spacetime that was 
covered is now shown.   
 
 
 
 
 
 
 
 
 
 
2) Match each of the Cases 4-6 with its corresponding situatio  in Cases 1-3.  Explain your 
reasoning. 
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The figures below show three different cases (1-3) in which light travels from Star S to Earth.  The 
arrows represent light from Star S.  The black box is covering up a region of spacetime through 
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1) Rank the amount of light received by Earth from Star S, from greatest to least, for Cases 1-3.  
 
 
 
 
In Cases 4-6 below, the black box has been removed and the region of spacetime that was 
covered is now shown.   
 
 
 
 
 
 
 
 
 
 
2) Match each of the Cases 4-6 with its corresponding situation in Cases 1-3.  Explain your 
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FIG. 2. This reduced-dimensional representation (RdR) from
the Lecture-Tutorial shows the amount of curvature of the
region of spacetime between the distant star and Earth.
 710	
FIG. 5. This representation from the Lecture-Tutorial helps students visualize the 711	
movement of an extrasolar planet and its parent star relative to a distant star, as seen from 712	
Earth. 713	
 714	
 715	
 716	
FIG. 6. Students must determine which of these two light curves corresponds to the 717	
situation depicted in Fig. 5. 718	
 719	
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Use Graphs A and B to complete the blanks in the sentences below by circling the correct words 
or phrases. 
 
Star X warps spacetime ________ (more/less/equally) compared to Star Y because the 
mass of Star X is _______ (greater/less/the same) compared to the mass of Star Y. So 
Star X bends the light from the distant star _______ (more/less/the same) compared to Star 
Y.  This means the brightness peak caused by Star X must be _________ 
(taller/shorter/the same) compared to the peak caused by Star Y.  Also, because the mass 
of Star X is _______ (greater/less/the same) compared to the mass of Star Y, the region of 
spacetime it warps is _______ (larger/smaller/equal) in size.  This means it takes a 
________ (longer/shorter/equal) amount of time for the region to move between Earth and 
the distant star.  So, the brightness peak caused by Star X will appear _______ 
(wider/narrower/the same width) on the graph compared to the peak caused by Star Y. 
 
 
 
Planet P is orbiting Star Z.  The figure shows Star Z and Planet P at five consecutive times as 
they move from left to right through the region of spacetime between a distant star and Earth. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6) Which causes a greater warping of the region of spacetime around itself: Star Z or Planet P?  
Explain your reasoning.   
 
 
 
 
 
 
 
 
7) Which moves between Earth and the distant star first: Star Z or Planet P? 
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Earth 
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Figure 1 
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8) Which of these two graphs best corresponds to the observed brightness of the distant star 
depicted in Figure 1?  Explain your reasoning. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
9) Two students are discussing their answers to Question 8: 
 
Student 1: I think the correct graph is Graph C.  We would see Planet P to the right of Star 
Z.  So, the brightness bump from the planet needs to be on the right side of the 
brightness peak caused by Star Z.  That is what Graph C shows. 
 
Student 2: I disagree.  I think the correct graph is Graph D.  I agree that Planet P is to the 
right of Star Z, but I think you’re confusing the positions of the star and planet 
with the corresponding times when each object causes a bump on the graph. 
Since the planet enters the region between Earth and the distant star first, we 
should see the bump due to Planet P on the part of the graph that’s earlier in 
time.  That matches Graph D. 
  
Do you agree or disagree with either or both of the students?  Explain your reasoning. 
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FIG. 3. This representation from the Lecture-Tutorial helps
students v s alize the m vem nt f an extrasolar planet and
its parent star relative to a distant star, as seen from Earth.
or planet) creates a larger warping of spacetime. It also
provides students key information they will need in or-
der to det rmine which of the light cu ves shown in Fig-
ure 6 would result from this particular arrangement of
planet and parent star. The Lecture-Tutorial is designed
to help students reason as follows: Since the planet will
move through h egion of spac time betw en the dis-
tant star and Earth before the parent star, the increase
in brightness of the distant star must occur at an earlier
time than the brightening of the distant star resulting
from the lensing caused by the parent star. Using these
PDRs, the Lecture-Tutorial guides students to conclude
that Graph D in Figure 6 corresponds to the situation
shown in Figure 5. C eating and understanding a com-
plete, correct mapping between these two representations
is a critical step in a student’s development of a mental
model of the mic olensing pro ess.
Figure 7 shows four different light curves. At this point
in the Lecture-Tutorial, students have progressed through
a carefully sequenced set of questions that guide their
thinking to investigate and interpret the PDRs in Fig-
ures 3-6. The tasks presented thus far provide students
with the foundational discipline knowledge necessary to
recognize that each of the light curves in Figure 7 must
be due to a system of one extrasolar planet and its par-
ent star, which each lens the light of a distant star. They
are asked to rank the relative masses of the extrasolar
8 710	
FIG. 5. This representation from the Lecture-Tutorial helps students visualize the 711	
movement of an extrasolar planet and its parent star relative to a distant star, as seen from 712	
Earth. 713	
 714	
 715	
 716	
FIG. 6. Students must determine which of these two light curves corresponds to the 717	
situation depicted in Fig. 5. 718	
 719	
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8) Which of these two graphs best corresponds to the observed brightness of the distant star 
depicted in Figure 1?  Explain your reasoning. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
9) Two students are discussing their answers to Question 8: 
 
Student 1: I think the correct graph is Graph C.  We would see Planet P to the right of Star 
Z.  So, the brightness bump from the planet needs to be on the right side of the 
brightness peak caused by Star Z.  That is what Graph C shows. 
 
Student 2: I disagree.  I think the correct graph is Graph D.  I agree that Planet P is to the 
right of Star Z, but I think you’re confusing the positions of the star and planet 
with the corresponding times when each object causes a bump on the graph. 
Since the planet enters the region between Earth and the distant star first, we 
should see the bump due to Planet P on the part of the graph that’s earlier in 
time.  That matches Graph D. 
  
Do you agree or disagree with either or both of the students?  Explain your reasoning. 
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FIG. 4. Students must determine which of these two light
curves corresponds to the situation depicted in Fig. 5.
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 7. Four light curves that students reason about in terms of the mass of the detected 
extrasolar planet and whether or not it is located to the left or right of its parent star, as 
seen from Earth. 
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Graphs E-H, below, show how the brightness of a distant star changes over time in different 
situations.  In each situation, there is a star moving from left to right through the region of 
spacetime between Earth and the distant star.  Each star that moves between the distant star and 
Earth is orbited by an exoplanet.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a. Which graph (E-H) corresponds to the situation in which a star with a lower mass 
exopl t located to the right f the tar ( s seen from Earth) moves through the region 
of spacetime between Earth and the distant star?  Explain your reasoning. 
 
 
 
 
 
 
 
 
b. Which graph (E-H) corresponds to the situation in which a star with a higher mass 
exoplanet located to the left of the star (as seen from Earth) moves through the region of 
spacetime between Earth and the distant star?  Explain your reasoning.  
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FIG. 5. Four light curves that students reason about in terms
of the mass of the detected extrasolar planet and whether or
not it is located to the left or right of its parent star, as seen
from Earth.
planets based on the widths of the perturbations in the
corresponding light curves of Figure 7. They are also
asked to determine in which cases the extrasolar planet
was located to the left or right of its parent star, as seen
from Earth, during the microlensing event.
Figure 8 shows two additional light curves. These
curves differ in the temporal separation of their plane-
tary perturbations. This affords students the opportu-
nity to reason about which light curve must be due to
the stellar system in which the extrasolar planet was at
the greater physical distance from its parent star, as seen
from Earth.
The final question of the Lecture-Tutorial asks students
to reason about the stellar system that must have been
responsible for producing the light curve shown in Fig-
ure 9. This question probes whether students have a
complete and coherent mental model for the full breadth
of physical characteristics of the extrasolar planet system
that this light curve represents. After working through
all preceding components of the Lecture-Tutorial, stu-
dents should be able to discern how the features of this
representation affords information about the number of
 
 
 
 
 
 
 
 
 
 
FIG. 8. Two light curves students reason about to determine which of the detected 
extrasolar planets has the greatest separation from its parent star. 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 9. In the final question of the Lecture-Tutorial, students must reason about the 
number of extrasolar planets in the stellar system, the relative separation of those planets 
from their parent star, and the relative masses of those planets. 
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Graphs I and J, below, show how the brightness of a distant star changes over time in different 
situations.  In each situation, there is a nearby star orbited by an exoplanet moving through the 
region of spacetime between Earth and the distant star.  In which situation are the nearby star 
and its exoplanet farther apart as seen from Earth?  Explain your reasoning. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
10) The graph below depicts the brightness of a distant star as observed from Earth.  A nearby 
star moves from left to right as seen from Earth, passing between Earth and the distant star. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Sketch a picture of the extrasolar planet system moving between Earth and the distant star.  
Make sure to account for the sizes of the planets and their distances away from their parent 
star, as well as whether they are located to the left or right of their parent star. 
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The graph below depicts the brightness of a distant star as observed from Earth.  A nearby star 
moves from left to right as seen from Earth, passing between Earth and the distant star. 
 
 
 
 
 
 
 
 
Sketch a picture of the extrasolar planet system moving between Earth and the distant star.  
Make sure to account for the sizes of the planets and their distances away from their parent 
star, as well as whether they are located to the left or right of their parent star. 
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FIG. 6. Two light curve students reason bout to determine
which of the detected extrasolar planets has the greatest sep-
aration from ts parent star.
 
 
 
 
 
 
 
 
 
 
FIG. 8. Tw  light curves students reason about to determi e which of the detected 
extrasolar planets has the greatest separation from its parent star. 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 9. In the final question of the Lecture-Tutorial, students must reason about the 
number of extrasolar planets in the stellar system, the relative separation of those planets 
from their parent star, and the relative masses of those planets. 
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FIG. 7. In the final question of he L ctur -Tutorial, stude
must reason about the number of extrasolar planets in the
stellar system, the relative separation of those planets from
their parent star, and the relative masses of those planets.
extrasolar planets in the stellar system, the relative sep-
aration of those planets from their parent star, and the
relative masses of those planets. Figure 10 shows an
analogous question that we use as part of a post-Lecture-
Tutorial homework assignment; in this question, students
must sketch a light curve based on the stellar system that
is shown. Our post-instruction assessments of student
understanding show that most of the Astro 101 students
participating in this work – the majority of whom are
non-STEM majors16 – are able to successfully complete
the reasoning tasks shown in Figures 9 and 10.
While our assessment of students’ post-instruction un-
derstandings of this topic are ongoing, we have found
that between 70-85% of students can correctly answer
multiple-choice midterm and final exam questions that
are modeled after the Lecture-Tutorial and homework
questions in Figures 9 and 10. These values are con-
sistent with the results from multiple studies conducted
over the past fifteen years on how student understand-
ing of difficult-to-understand astrophysics topics is sig-
nificantly elevated above what is achieved in lecture-
based classrooms when they engage with research-based
active learning curricula.12,13,15,21–23 We attribute the
greater discipline fluency that these students attain to
their cognitive engagement with the Lecture-Tutorial ’s
carefully targeted sequence of Socratic-style questions,
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FIG. 10. A question from the Lecture-Tutorial’s associated homework that asks students 
to sketch the light curve that the stellar system would produce when it lenses the light of 
a distant star. 
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The figure below shows an exoplanet system, which contains two planets, passing 
between Earth and a distant star.  The exoplanet system is moving in the direction shown 
by the arrow. 
 
 
 
 
 
 
 
 
 
In the space below, sketch a graph of the brightness of the distant star over time, as 
observed from Earth. 
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FIG. 8. A q estion from th Lecture-Tutorial ’s associa ed
homework that asks students to sketch the light curve that
the stellar system would produce when it lenses the light of a
distant star.
which guide students to unpack the content afforded to
them by the PDRs used in Figures 3-9.
IV. CONCLUSIONS
Gravitational microlensing is an important application
of Einstein’s general theory of relativity to extrasolar
planet detection, which is at the forefront of modern as-
trophysics. We have developed a new Lecture-Tutorial,
“Detecting Exoplanets with Gravitational Microlensing,”
that instructors can use to actively engage their Astro
101 students. This paper details the various representa-
tions the Lecture-Tutorial employs to help students de-
velop their abilities to reason about this topic. While
some of these representations are familiar to experts in
the field of extrasolar planet detection (e.g., light curves),
others are novel representations that we created specifi-
cally for the purposes of teaching and learning, and which
we refer to as “pedagogical discipline representations”
(PDRs). We used the theoretical framework of Linder
(2013)17 and Fredlund et al. (2014)18 to analyze the af-
fordances of the Lecture-Tutorial ’s representations and to
justify why we selected this particular set and sequence
of representations. We also discussed the limitations
of some representations, which underscores the impor-
tance of instructors understanding which conclusions can
and cannot be drawn from a given representation. One
component of an expert instructor’s pedagogical content
knowledge24 is a knowledge of the affordances and limi-
tations of different PDRs and other representations; such
knowledge enables an instructor to select the most ped-
agogically appropriate representations to help students
efficiently develop greater discipline fluency with a given
topic. We hope that by illustrating our use of this theo-
retical framework for choosing and developing represen-
tations, other instructors and curriculum developers will
be able to take complex, advanced topics, such as grav-
itational microlensing, and translate them into curricula
that meaningfully engage and elevate the reasoning abil-
ities of introductory students.
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